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Frustrated spin systems can show phases with spontaneous breaking of spin-rotational symmetry
without the formation of local magnetic order. We study the dynamic response of the spin-nematic
phase of one-dimensional spin-1/2 systems, characterized by slow large-distance decay of quadrupo-
lar correlations, by numerically computing one-spin and two-spin dynamical structure factors at
zero temperature using time-dependent density matrix renormalization group methods. We inter-
pret the results in terms of an effective theory of gapped magnon excitations interacting with a
quasi-condensate of bound magnon pairs. This employs an extension of the well-known Tomonaga-
Luttinger liquid theory which includes the magnon states as a mobile impurity. A good qualitative
understanding of the characteristic thresholds and their intensity in the structure factors is obtained
this way. Our results are useful in the interpretation of inelastic neutron scattering and resonant
inelastic x-ray scattering experiments.
I. INTRODUCTION
Most open problems in quantum magnetism relate to
the search for phases of interacting spin systems that
depart from the paradigm of long-range magnetic or-
der [1]. One example is the spin nematic phase, char-
acterized by a quadrupolar order parameter [2, 3]. For
spin-1/2 systems, a bond spin-nematic order parameter
is defined from the traceless symmetric rank-2 tensor
Qabij = S
a
i S
b
j + S
b
iS
a
j − 23δabSi · Sj , where a, b ∈ {x, y, z}
and i, j label nearest-neighbor spins. In contrast with
dipolar magnetic order, where 〈Si〉 6= 0 in the ground
state, a nonzero expectation value of any component of
Qabij breaks spin-rotation invariance but preserves time-
reversal symmetry.
Theoretically, it is well established that a one-
dimensional (1D) version of the bond spin-nematic phase
exists in the frustrated ferromagnetic spin-1/2 chain in
a magnetic field [4–17]. This model describes a quan-
tum spin chain with ferromagnetic nearest-neighbor ex-
change coupling J1 < 0 and antiferromagnetic next-
nearest-neighbor exchange J2 > 0. Since in one dimen-
sion the continuous spin-rotational symmetry cannot be
spontaneously broken, the 1D spin-nematic phase has
to be understood in terms of quasi-long-range order of
quadrupolar correlations, which decay algebraically with
distance and more slowly than dipolar correlations. The
quadrupolar nematic phase appears in the parameter
regime α = J1/J2 & −2.72 at sufficiently high magnetic
field [6–9]. Decreasing the field leads to a crossover to
a spin-density wave (SDW) regime, in which the stag-
gered part of the longitudinal spin correlation function
decays more slowly than the quadrupolar correlation. At
even lower fields, there is a transition to a vector-chiral
phase that breaks bond-parity symmetry [8]. In addi-
tion, higher-order multipolar phases exist in the range
−4 < α . −2.72 [8, 9].
Both the spin nematic and SDW regimes are described
in the low-energy limit as a Tomonaga-Luttinger (TL)
liquid with one gapless bosonic mode and gapped single-
spin-flip excitations [8, 10, 16]. The effective low-energy
theory can be derived using bosonization in the limit of
two weakly coupled Heisenberg chains |α|  1. For |α|
of order 1, one can alternatively consider the limit of
large magnetic fields, just below the saturation field, and
regard the TL liquid in the nematic regime as a quasi-
condensate of bound magnon pairs treated as hard-core
bosons [4, 8, 18].
The frustrated ferromagnetic spin chain model finds
a nearly ideal realization in the quasi-1D material
LiCuVO4 [19–24]. The estimates for the value of α in
this material range from α ≈ −0.4 [20] to α ≈ −2 [12].
Remarkably, a recent nuclear magnetic resonance exper-
iment [24] provided compelling evidence for the spin-
nematic phase in a narrow window of magnetic field be-
tween the SDW phase and the fully polarized state.
The purpose of this work is to analyze the dynamics of
the frustrated ferromagnetic spin chain. It is well known
that dynamical structure factors (DSFs) provide direct
information about the excitation spectrum. For instance,
they can demonstrate the existence of fractional elemen-
tary excitations, such as spinons in the antiferromagnetic
Heisenberg chain [25]. Spinons have been observed by
inelastic neutron scattering experiments in LiCuVO4 at
zero magnetic field [21]. The dynamical spin structure
factor in this case has been calculated numerically using
a time-dependent density matrix renormalization group
(tDMRG) algorithm [12]. In the nematic phase, how-
ever, the spectrum of the frustrated chain is organized
in terms of gapped magnons and gapless bound magnon
pairs. The low-energy features of the spin DSF in the
nematic phase have been studied within the TL liquid
theory [10]. The The finite-energy spectrum was inves-
tigated using the dynamical density-matrix renormaliza-
tion group (DDMRG) method in Ref. [15], but the full
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2intensity plots in the energy-momentum plane were re-
stricted to a low magnetization in the SDW regime.
Here we use state-of-the-art tDMRG methods [26] to
calculate the DSFs of various one-spin and two-spin op-
erators inside the nematic phase. While one usually
focuses on the dynamics of one-spin operators due to
their relevance for inelastic neutron scattering, two-spin
excitations can also be probed by the fast-developing
techniques of resonant inelastic x-ray scattering (RIXS)
[27, 28]. We interpret our numerical results in light of the
current understanding of dynamical correlations of criti-
cal 1D systems beyond the low-energy regime described
by TL liquid theory [29, 30]. Our high-resolution re-
sults clearly show a small single-magnon gap directly in
the transverse spin DSF. The corresponding momentum
is, however, not at the minimum of the magnon band
but at shifted momenta where furthermore clear repli-
cas are observed. This is explained within a description
in terms of magnons interacting with the condensate of
bound states as a direct consequence of the effective hard-
core repulsion between single magnons and the bound
magnon pairs. Based on an effective impurity model,
we compute the theoretical threshold exponents that al-
low us to understand the qualitative features observed in
the tDMRG data. Furthermore, we compute DSFs as-
sociated with flipping two spins on neighboring sites. In
contrast to the single magnon excitations, the spectrum
of two-spin-flip operators is gapless. From the effective
description, this is natural as these operators probe the
creation or annihilation of bound magnon pairs in the
condensate. We argue that the computed two-spin struc-
ture factors behave qualitatively like one-spin structure
factors in XXZ spin chains.
This paper is organized as follows. In Sec. II, we define
the model and main quantities of interest. In Sec. III, we
discuss the nature and spectra of excitations as one low-
ers the field from above the saturation field. This outlines
how the physics can be understood in terms of an effec-
tive model of bound magnon pairs and single magnons.
In Sec. IV, we discuss how the excitation spectrum re-
lates to the thresholds of the different DSFs. For the
DSFs probing single magnons, we formulate the effective
impurity model that is used to derive the threshold expo-
nents. In Sec. V, we present our numerical results along
with the interpretation in terms of magnons interacting
with the bound-state condensate. Finally, we provide
concluding remarks in Sec. VI. The appendices contain
details of the calculation of the bare pair-magnon interac-
tion potential in the effective model and of the threshold
exponents.
II. MODEL AND DYNAMICAL STRUCTURE
FACTORS
The Hamiltonian for the frustrated ferromagnetic spin
chain is
H =
L∑
j=1
(J1Sj · Sj+1 + J2Sj · Sj+2 − hSzj ), (1)
where Sj are spin-1/2 operators, J1 < 0 and J2 > 0 are
exchange coupling constants, and h is the external mag-
netic field. Here we consider periodic boundary condi-
tions Sj+L = Sj . This model has a global U(1) symmetry
corresponding to the conservation of the total longitudi-
nal magnetization Sztot =
∑
j S
z
j . The ground state phase
diagram as a function of α = J1/J2 and magnetization
m = 〈Szj 〉 can be found in Refs. [8, 9]. In this work,
we set α = −1 and consider two values of magnetization:
m = 0.4 in the spin-nematic regime and m = 0.2 in the
SDW regime.
We are interested in dynamical correlation functions
for one-spin operators Saj and two-spin operators Saj Sbj+1,
where a, b ∈ {x, y, z}. In order to select excitations with
well-defined quantum numbers of Sztot, it is convenient to
choose instead a, b ∈ {+,−, z}, with S±j = Sxj ±iSyj . The
DSFs for one-spin operators are defined as
Sa¯a(q, ω) =
∫ +∞
−∞
dt eiωt
∑
r
e−iqr〈gs|Sa¯j+r(t)Saj (0)|gs〉,
(2)
where |gs〉 is the exact ground state, Saj (t) =
eiHtSaj e
−iHt is the operator evolved in real time, and
we use the notation a¯ = −,+, z for a = +,−, z, respec-
tively, such that Sa¯j = (Saj )†. The expression in Eq. (2)
is equivalent to the Lehmann representation
Sa¯a(q, ω) =
2pi
L
∑
α
|〈α|Oaq |gs〉|2δ(ω − Eα + Egs), (3)
where Oaq =
∑
j e
iqjSaj and |α〉 are exact eigenstates of
H with energy Eα. Thus, the support of Sa¯a(q, ω) corre-
sponds to the region of the (q, ω) plane where there are
excitations created by the action of Saj on the ground
state that carry momentum q and energy ω.
For two-spin operators, we define
Sa¯b¯ab(q, ω) =
∫ +∞
−∞
dt eiωt
∑
r
e−iqr
×〈gs|Sa¯j+rS b¯j+r+1(t)Saj (0)Sbj+1(0)|gs〉,(4)
which is equivalent to
Sa¯b¯ab(q, ω) =
2pi
L
∑
α
|〈α|Oabq |gs〉|2δ(ω − Eα + Egs), (5)
where Oabq =
∑
j e
iqjSaj S
b
j+1. Note that the set of two-
spin operators includes not only the components of the
3quadrupole moment Qabj,j+1, but also the antisymmetric
part of the two-spin tensor abcSbjScj+1. For the Heisen-
berg chain (J2 = 0), the antisymmetric part of the two-
spin tensor is related to the spin current between sites
j and j + 1. The integrability of the 1D Heisenberg
model allows one to compute DSFs exactly using the al-
gebraic Bethe ansatz, including the case of two-spin op-
erators [31, 32]. In Section V, we will show results for
DSFs for the nonintegrable model with J2 6= 0 in the ne-
matic/SDW phase obtained numerically using tDMRG.
III. GENERAL PROPERTIES OF THE
EXCITATION SPECTRUM
A. Spectrum above the saturation field
To understand the excitation spectrum of the spin ne-
matic phase beyond the low-energy regime, we start from
the limit of large magnetic fields. For a fixed value of
α, there is a saturation field hsat(α) such that the ex-
act ground state for h > hsat is the fully polarized state,
| ⇑〉 = ⊗j | ↑〉j . The excitations in this phase are gapped
magnons and magnon bound states. The single-magnon
state with momentum k is given by
|k〉 = 1√
L
L∑
j=1
eikjS−j | ⇑〉. (6)
Periodic boundary conditions quantize the momenta as
k = 2pin/L, with n = 1, . . . , L. The magnon dispersion,
ε(k) = J1[cos(k)− 1] + J2[cos(2k)− 1] + h, (7)
has minima at k0 = cos−1(|J1|/4J2) and k¯0 = 2pi − k0.
The wave number k0 is related to the pitch angle of the
helical order in the classical model [8]. The value of k0 is
in general incommensurate, but it approaches k = pi/2 in
the limit J2  |J1| treated by weak-coupling bosoniza-
tion [8]. The magnon gap is
∆ = ε(k0) = − J
2
1
8J2
− J2 + h. (8)
The two-particle subspace is spanned by the basis
S−j1S
−
j2
| ⇑〉, 1 ≤ j1 < j2 ≤ L, with dimension L(L− 1)/2.
Equivalently, we can use the notation
|l, r〉 = S−l S−l+r| ⇑〉, (9)
where l = 1, . . . , L and r = 1, . . . , (L − 1)/2; here we
restrict ourselves to odd values of L for simplicity. The
coordinate r can be interpreted as the relative distance
between the two magnons. A two-magnon state with
center-of-mass momentum p can be written as
|p, r〉 = 1√
L
L∑
l=1
eip(l+r/2)|l, r〉, (10)
p/⇡
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Figure 1: One- and two-magnon spectrum for α = −1 and
h = 1.26, slightly above the saturation field hsat ≈ 1.25.
The red lines show the dispersion of the bound magnon pair
present both below and above the two-magnon continuum
(shaded area). The dashed blue line represents the single-
magnon dispersion.
where p = 2pin/L with n = 1, . . . , L. The matrix ele-
ments of the Hamiltonian in the basis of Eq. (10) take
the form
〈p′, r′|H|p, r〉 = δpp′hp(r′, r), (11)
where
hp(r
′, r) = eip(r−r
′)/2
L∑
n=1
e−ipn〈n, r′|H|0, r〉. (12)
The nonzero matrix elements are
hp(r, r) = J1(δr,1 − 2) + J2(δr,1 cos p+ δr,2 − 2),
hp(r, r + 1) = hp(r + 1, r) = J1 cos(p/2),
hp(r, r + 2) = hp(r + 2, r) = J2 cos p. (13)
We find the two-magnon spectrum by diagonalizing
the matrix hp(r′, r) numerically following Ref. [7]. Fig-
ure 1 shows the two-magnon spectrum for α = −1 and
h > hsat. The main feature is the presence of a two-
magnon bound state both below and above the two-
magnon continuum. The bound state dispersion below
the continuum, which we denote by Eb(p), has a mini-
mum at p = pi. The bound state dispersion merges with
the continuum for |p − pi| ≥ Qc, where Qc ≈ 0.27pi for
α = −1. The wave function Ψ(p, r) for the relative co-
ordinate of the two-magnon bound state is illustrated in
Fig. 2. The corresponding state in the Hilbert space is
|b, p〉 =
(L−1)/2∑
r=1
Ψ(p, r)|p, r〉. (14)
Note that the bound state wave function for p ≈ pi has
dominant weight at odd values of r. Exactly at p = pi, the
wave function vanishes at even distances. This indicates
that bound magnon pairs contribute more to the DSF of
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Figure 2: Wave function of the two-magnon bound state for
α = −1 and center-of-mass momentum p = 0.95pi.
odd-distance two-spin operators, such as S−j S
−
j+1, than
to even-distance ones like S−j S
−
j+2.
As h approaches the saturation field from above, the
minimum energy Eb(pi) of bound magnon pairs becomes
lower than the minimum energy of a single magnon (see
Fig. 1). The physical reason is that the ferromagnetic
exchange coupling J1 < 0 amounts to an attractive inter-
action between magnons [4]. For −2.72 . α . −2.67,
the minimum in the bound state dispersion moves to
an incommensurate value of momentum [6, 7]. In the
range −4 < α . −2.72, the interaction becomes strong
enough that multi-magnon bound states have even lower
energy than the magnon pair. In this work, we focus
on the regime −2.67 . α < 0, in which the gap in the
two-magnon bound state dispersion closes at p = pi as
h→ h+sat.
B. Spectrum below the saturation field
1. Tomonaga-Luttinger liquid theory and static correlations
The quadrupolar spin-nematic phase arises for h < hsat
when the gap in Eb(p) closes and bound magnon pairs
condense before single-magnon excitations. Since each
pair carries spin eigenvalue Sz = −2, the average den-
sity of pairs in the ground state, ρ0, is related to the
magnetization m by
ρ0 =
1
2
(
1
2
−m
)
. (15)
In the vicinity of the saturation field from below, we can
treat the system as a dilute liquid of bound magnon pairs,
ρ0  1, with repulsive interactions [8].
Within a phenomenological harmonic-fluid approach,
the large-distance behavior of correlation functions of a
1D Bose liquid is described by the TL model [33, 34]
HTL =
v
2
∫
dx
[
K(∂xθ)
2 +
1
K
(∂xφ)
2
]
, (16)
where v is the sound velocity, K is the Luttinger param-
eter, θ(x) is the phase field operator, and ∂xφ is associ-
ated with density fluctuations. The bosonic fields obey
the commutation relation [φ(x), ∂x′θ(x′)] = iδ(x−x′). In
the limit h → h−sat, we have K → 1, the value for hard-
core bosons. In the 1D liquid of bound magnon pairs,
the correlation functions that have the slowest decay at
large distances are [8]
〈Szj+rSzj 〉 ∼
cos(2piρ0r)
r2K
, (17)
〈S+j+rS+j+r+1S−j S−j+1〉 ∼
(−1)r
r1/(2K)
. (18)
The spin-nematic regime is defined as the region in the
critical phase corresponding to K > 1/2, in which the
quadrupolar correlation in Eq. (18) decays more slowly
than the dipolar correlation in Eq. (17). For K < 1/2,
the system is in the SDW regime in which the longitu-
dinal spin correlation dominates at large distances. On
the other hand, the transverse spin correlation decays
exponentially:
〈S+j+rS−j 〉 ∼ e−r/ξ. (19)
The correlation length ξ is of the order of the inverse gap
for single-magnon excitations.
2. Beyond the linear dispersion approximation
We now wish to write down an effective model that
captures the support of DSFs beyond the low-energy
approximations of the TL model. Our approximations
will be justified in the low-density limit ρ0  1. In
this limit, we assume that the effective Hamiltonian con-
tains only two-particle interactions and we can neglect
three-particle scattering processes. Here, two particles
can mean two magnons, two bound magnon pairs, or a
magnon and a bound magnon pair. Note that the model
in Eq. (1) has only one U(1) symmetry and only Sztot
is a good quantum number. Thus, strictly speaking, the
number of magnons and the number of bound magnon
pairs are not separately conserved. However, it is known
that the vicinity of thresholds of spectral functions of
critical 1D systems can be described by considering a
small, fixed number of elementary excitations at finite
energies which interact with the low-energy modes of the
TL liquid [29]. In the following we will apply the same
rationale to the spin-nematic phase.
We start with the effective Hamiltonian for gapped
magnons. The scattering of magnons at low densities
is known to be approximately described by an effective
Hamiltonian that includes one-body and two-body oper-
ators in the form [35]
Hm =
∑
k
ε(k)a†kak
+
1
2L
∑
k,k′,q
Vm(k, k
′, q)a†k+qa
†
k′−qak′ak, (20)
5where ak annihilates a magnon with momentum k and
energy ε(k). The effective scattering amplitude can be
extracted from the original spin Hamiltonian by comput-
ing the matrix element [35]
Vm(k, k
′, q) = L〈k + q, k′ − q|δHmm(k, k′)|k, k′〉, (21)
where |k, k′〉 are two-magnon states [tensor product of
states in Eq. (6)] and δHmm(k, k′) = H−E0−ε(k)−ε(k′).
Here E0 is the energy of the fully polarized state, which
plays the role of the vacuum. The subtraction of the en-
ergy of the two free magnons in δHmm(k, k′) is equivalent
to dropping the disconnected Feynman diagrams in the
four-point function; it is necessary because the scatter-
ing states |k, k′〉 and |k + q, k′ − q〉 are not orthogonal
for finite size L [35]. We recall that magnons have to be
treated as hard-core bosons. The expression in Eq. (21)
accounts for the regular, finite-range part of the interac-
tion potential.
Let us now consider the effective Hamiltonian for
bound magnon pairs, of which we have a finite but low
density in the ground state. The Hilbert space of a single
pair is spanned by the states |b, p〉 in Eq. (14). In analogy
with Eq. (20), we write down the effective Hamiltonian
with one-body and two-body operators
Hb =
∑
p
Eb(p)b†pbp +
1
2L
∑
p,p′,q
Vb(p, p
′, q)b†p+qb
†
p′−qbp′bp,
(22)
where bp annihilates a bound magnon pair with momen-
tum p and energy Eb(p), and Vb(p, p′, q) is the effective
scattering amplitude
Vb(p, p
′, q) = L〈b, p+ q; b, p′ − q|δHbb(p, p′)|b, p; b, p′〉,
(23)
with δHbb(p, p′) = H−E0−Eb(p)−Eb(p′). We note that
all momenta of bound magnon pairs must be restricted
to the interval [pi −Qc, pi +Qc].
For h > hsat, the pair dispersion in the vicinity of p = pi
can be written as
Eb(p ≈ pi) = Eb(pi) + (p− pi)
2
2M
+ . . . , (24)
whereM = [(d2Eb/dp2)|p=pi]−1 is the effective mass of the
bound magnon pair. We can interpret µ ≡ −Eb(pi) as the
chemical potential for the magnon pairs. For h < hsat,
these bosonic excitations condense, and the pair-pair in-
teraction is responsible for changing the low-energy dis-
persion from quadratic to linear. In spatial dimension
higher than one, the linear dispersion of a superfluid
phase is qualitatively described by the Bogoliubov ap-
proximation. However, the assumptions of Bogoliubov
theory break down in one dimension [34]. To understand
how the linear dispersion develops in the 1D liquid of
bound magnon pairs, let us consider the asymptotic low-
density limit ρ0  1 and focus on single-particle states
with momentum |p− pi|  Qc. In this limit, the average
distance between two pairs, d ∼ ρ−10 , is large compared to
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Figure 3: Approximate bound-magnon-pair spectrum in the
vicinity of p = pi for m = 0.4 (ρ0 = 0.05). The red and blue
lines represent the dispersion of particle-type and hole-type
excitations, respectively. The latter define the lower threshold
of the continuum (shaded area) for excitations with ∆Sztot =
±2 (no single magnons). Here we used v = piρ0/M for the
sound velocity in the limit ρ0  1.
the size of the bound state, ` ∼ [Qc − |p− pi|]−1. We can
then introduce the pair field operator in the continuum
limit as
b(x) =
1√
L
∑
|q|1
eiqxbpi+q. (25)
Furthermore, if we approximate the interaction potential
by a contact interaction, Vb(p, p′, q) ≈ Vb(pi, pi, 0) ≡ U0,
the effective Hamiltonian becomes simply
Hb ≈
∫ L
0
dx
(
− 1
2M
b†∂2xb
)
, (26)
where we dropped s-wave scattering amplitude U0 due to
the hard-core constraint [b(x)]2 = 0. As a consequence,
in the low-density limit the 1D liquid of bound magnon
pairs becomes equivalent to a Tonks-Girardeau gas [36],
i.e., the Lieb-Liniger model with infinitely strong repul-
sion [37, 38]. This model can be mapped to noninteract-
ing spinless fermions by defining the new fields
bF (x) = b(x) cos
[
pi
∫ x
−∞
dx′ b†(x′)b(x′)
]
. (27)
Here we used the cosine function to keep the Jordan-
Wigner string manifestly hermitian in the continuum
limit. While the field bF (x) anticommutes with it-
self at different positions, the local density is invariant,
b†(x)b(x) = b†F (x)bF (x). Since the fermionic wave func-
tion vanishes when two particles occupy the same posi-
tion, the hard-core constraint is automatically satisfied
for bF (x).
The spectrum of the Tonks-Girardeau gas has two
types of elementary excitations: a particle-type exci-
tation, which is the 1D analogue of the Bogoliubov
quasiparticle in a superfluid, and a hole-type excitation
6[37, 38]. The corresponding dispersion relations are il-
lustrated in Fig. 3. For |p − pi| → 0, the dispersions of
particle-type and hole-type modes become linear, with a
slope that defines the sound velocity in the TL model in
Eq. (16). In the limit ρ0 → 0, the velocity approaches
the Fermi velocity v → vF = piρ0/M . Moreover, multiple
“replicas” of particle-type and hole-type dispersions are
generated by adding particle-hole excitations with zero
energy and momentum 2piρ0n, with n ∈ Z. The gap-
less excitations at p − pi = 2piρ0n correspond to the se-
ries of harmonics in the bosonization formulas for bosons
[33, 39]. However, the linear-dispersion approximation
is valid only at energy scales ω  vF ρ0 ∼ ρ20/M . For
general p, the dispersion of the hole-type excitation de-
termines the lower threshold of the continuum for exci-
tations that create or annihilate a bound magnon pair.
The picture here is qualitatively similar to the spectral
functions for the Lieb-Liniger model [40–42].
Going beyond the approximations in Eq. (26), the
effective model for bound magnon pairs at low but fi-
nite density can be mapped to spinless fermions with a
momentum dependent scattering amplitude Vb(p, p′, q).
In fact, the eigenstates of the hard-core boson Hamil-
tonian are in one-to-one correspondence with those of a
Fermi system with the same interaction potential [36].
In this case, we expect the nonlinear lower threshold in
Fig. 3 to remain qualitatively valid but deviate from
the quadratic momentum dependence implied by the
Galilean invariance of Eq. (26). The gapless points at
momenta |p − pi| = 2piρ0n, n ∈ Z, are still fixed by the
density of bound magnon pairs. For reference, one can
think of the XXZ spin chain for which the relation to the
Lieb-Liniger gas of bosons in a scaling limit can be made
exact [43].
Finally, we must consider the interaction between
magnons and bound magnon pairs:
Hb-m =
1
L
∑
p,k,q
Vb-m(p, k, q)b
†
p+qbpa
†
k−qak. (28)
The relative wave function of magnons and bound
magnon pairs also obeys a hard-core constraint in the
sense that the single magnon cannot occupy the same
position as one of the flipped spins in the bound state,
cf. Eq. (14). The regular part of the scattering ampli-
tude is given by
Vb-m(p, k, q) = L〈b, p+ q; k− q|δHb-m(p, k)|b, p; k〉, (29)
where δHb-m(p, k) = H−E0−Eb(p)−ε(k). The complete
effective Hamiltonian in the low-density limit is
Heff = Hb +Hm +Hb-m. (30)
One immediate effect of the pair-magnon interaction is to
renormalize the magnon dispersion once there is a finite
density of pairs in the ground state. Within a Hartree-
Fock approximation, the renormalized magnon gap is
∆˜ ≈ ∆ + ρ0Vb-m(pi, k0, 0). For repulsive pair-magnon in-
teractions, Vb-m(pi, k0, 0) > 0, the effective single magnon
Figure 4: Interaction potential Vb-m(p, k0, 0) (with momen-
tum transfer q = 0) of a magnon with momentum k0 (corre-
sponding to the minimum of the magnon band) and a bound
magnon pair with momentum p.
dispersion ε˜(k) can remain gapped despite the lowering
of the magnetic field, cf. Eq. (7). Furthermore, the in-
teraction of a single magnon with the low-energy modes
of the 1D liquid of bound magnon pairs is important to
interpret the lower threshold of the DSF for excitations
with ∆Sztot = ±1, as we shall discuss in Sec. IV. For this
reason, we have calculated the scattering amplitude in
Eq. (29). The detailed calculation is presented in App
A. Figure 4 illustrates the dependence of the two-particle
scattering amplitude on the momentum of the incoming
bound magnon pair. We expect this nonuniversal inter-
action potential to be strongly renormalized in the case
of a finite density of bound states. For instance, we find
that the result is sensitive to the wave function of the
bound states Ψ(p, r) (see App. A). Nonetheless, the re-
sult in Fig. 4 indicates that the magnon-pair interaction
is remarkably strong and momentum dependent for the
range of parameters in which we are interested.
IV. EDGE SINGULARITIES
Spectral functions of critical 1D systems exhibit power-
law singularities along special lines in the (q, ω) plane
that determine the thresholds of the support at finite en-
ergies. These edge singularities can be described by effec-
tive mobile impurity models, first put forward in Ref. [44]
and reviewed in [29]. The exponents of the edge singular-
ities are nonuniversal, as they depend on phase shifts for
the scattering between finite-energy elementary particles
and the low-energy modes of the TL liquid. These phase
shifts can be either fixed exactly for integrable models
[45], or expressed in terms of phenomenological relations
for generic models [46].
Here we are interested in the edge singularities of DSFs
in the spin-nematic phase. Identifying these singularities
will be useful to interpret the numerical results in Sec.
7V. Even though the edge exponents are nonuniversal and
depend on phenomenological parameters, we shall take
advantage of the low-density limit ρ0  1 to simplify our
discussion.
A. Excitations with ∆Sztot = ±1
We start with the edge singularities that involve single
magnon excitations. As discussed in Sec. III, magnons
are gapped particles that interact with the 1D Bose liquid
of bound magnon pairs. Let us first discuss the excita-
tions with ∆Sztot = −1. The lowest-energy excited states
that couple to the ground state via the operator S−j con-
tain a magnon with energy close to the renormalized gap
∆˜. Thus, we can represent the spin-flip operator in the
field theory as
S−j=x ∼
1√
L
∑
k
e−ikxa†k
≈ e−ik0xa†(x), (31)
where a†(x) = L−1/2
∑
|q|k0 e
−iqxa†k0+q represents the
slowly varying components of the magnon with momen-
tum near k0.
In terms of the slowly varying fiels a(x) we can approxi-
mate the corresponding term in the effective Hamiltonian
as
Hm ≈
∫
dx a†
(
∆˜− ∂
2
x
2m˜
)
a, (32)
where m˜ is the effective mass for magnons with momen-
tum k ≈ k0. The magnon-magnon interaction is dropped
because we only consider single-magnon configurations.
The ground state of the effective field theory is a vacuum
of magnons, a(x)|Ψ0〉 = 0.
Recall that all the particles are hard-core bosons. To
take care of the corresponding scattering phase shift in
the effective description, we switch to a “fermionic” repre-
sentation by attaching Jordan-Wigner strings to the field
operators as done in Eq. (27) for the b fields. Similarly,
for the magnons we take
a(x) = aF (x) cos
[
pi
∫ x
−∞
dx′ b†(x′)b(x′)
]
. (33)
The density operators are invariant under this transfor-
mation. The effective Hamiltonian in terms of aF and bF
has the same form as in Eqs. (26) and (32). However,
the hard-core constraint is now automatically satisfied
and the s-wave scattering amplitudes have no effect on
the aF and bF particles.
To obtain the mobile impurity model, we project the
effective Hamiltonian onto a magnon sub-band with cut-
off scale Λ  Mv2F and bosonize the low-energy modes.
The uniform part of the density of bound magnon pairs
becomes
b†(x)b(x) ∼ ρ0 + 1√
pi
∂xφ(x). (34)
The spin-lowering operator is then represented by
S−j=x ∼ e−ik0xa†F (x) cos
[
piρ0x+
√
piφ(x)
]
. (35)
The single magnon plays the role of the mobile impu-
rity in the model Himp =
∫
dxHimp(x) with Hamiltonian
density
Himp = vK
2
(∂xθ)
2 +
v
2K
(∂xφ)
2 + a†F
(
∆˜− ∂
2
x
2m˜
)
aF
+
v√
pi
(γ1∂xφ+ γ2∂xθ) a
†
FaF , (36)
where γ1,2 are phenomenological coupling constants.
They descend from the interaction Vb-m and represent
the coupling between the magnon with momentum k0
and the local density or current of bound magnon pairs.
For now, let us consider the asymptotic low-density limit,
which corresponds to putting K = 1; let us also set
γ1,2 = 0. In this limit we can calculate the time-
dependent correlation
〈S+x (t)S−0 (0)〉 ∼ ei(k0±piρ0)x〈aF (x, t)a†F (0, 0)〉
×〈e±i
√
piφ(x,t)e∓i
√
piφ(0,0)〉
∼ e
i(k0±piρ0)x−i∆˜tG(x, t)
|x2 − v2t2|1/4 , (37)
where
G(x, t) =
√
m˜
2piit
eim˜x
2/(2t) (38)
is the propagator for the free particle with mass m˜. Note
the momentum shift ±piρ0 in the spatial oscillation of the
correlation in Eq. (37). This means that the minimum
energy in the corresponding DSF, S+−(q, ω), does not
occur at the momentum k0 = arccos(|J1|/4J2). Instead,
the edge singularity is split into two. Taking the Fourier
transform with either momentum yields the threshold be-
havior:
S+−(q = k0 ± piρ0, ω)
∼
∫
dxdt eiωte−i(k0±piρ0)x〈S+x (t)S−0 (0)〉
∼ Θ(ω − ∆˜)(ω − ∆˜)−1/2, (39)
where Θ(x) denotes the Heaviside step function. Allow-
ing for K 6= 1 or γ1,2 6= 0 leads to a similar threshold
behavior but the exponent of the power law changes as
an effect of interactions. The full effective field theory re-
sult reads S+−(q = k0 ± piρ0, ω) ∼ Θ(ω − ∆˜)(ω − ∆˜)µ
+−
±
with the exponent
µ+−± =
1
2
(
γ1
√
K
pi
)2
+
1
2
(√
K ∓ γ2
pi
√
K
)2
− 1, (40)
(see App. B). The important feature to note is the asym-
metry between µ+−± (where the lower index corresponds
8to the threshold at q = k0 ± piρ0, respectively) when the
coupling constant γ2 is nonzero.
Now let us discuss the excitations with ∆Sztot = +1.
Since we cannot annihilate a single magnon in the ground
state, the simplest possible excitation with the proper
quantum number must involve the creation of a magnon
and annihilation of a bound magnon pair. Thus, we rep-
resent the spin-raising operator by
S+j=x ∼ e−ik0x(−1)xa†(x)b(x), (41)
where the factor of (−1)x reflects the momentum pi car-
ried by the low-energy bound magnon pair, cf. Eq. (25).
We bosonize the pair operator as [33, 34]
b(x) ∼ e−i
√
piθ(x). (42)
Together with the Jordan-Wigner string for the magnon
operator, this leads to the representation for the time-
dependent correlation
〈S−x (t)S+0 (0)〉 ∼ ei(pi+k0±piρ0)x (43)
× 〈ei
√
pi[θ(x,t)±φ(x,t)]aF (x, t)a
†
F (0, 0)e
−i√pi[θ(0,0)±φ(0,0)]〉.
The computation of the threshold behavior of the struc-
ture factor follows the same lines as before and leads to
the result S−+(q = pi+k0±piρ0, ω) = Θ(ω−∆˜)(ω−∆˜)µ
−+
±
with exponent
µ−+± =
1
2
(
1√
K
+
γ1
√
K
pi
)2
+
1
2
(√
K ∓ γ2
pi
√
K
)2
− 1.
(44)
This exponent vanishes in the low-density limit: µ−+± = 0
when K = 1 and γ1,2 = 0. The threshold behavior in this
case is thus strongly dependent on interaction effects.
In particular, note that the γ1, which encodes density-
density interactions between the magnon and the bound
state, is expected to be positive for repulsive interactions.
As such, it cannot render the singular behavior diver-
gent. The γ2 interaction, which encodes the asymmetry
in the coupling of the magnon to the right and left mov-
ing modes of the Luttinger liquid, can lead to divergent
behavior in one of the thresholds at, say, q = pi+k0 +piρ0
but that would imply that the structure factor is conver-
gent at the other threshold at q = pi + k0 − piρ0.
B. Excitations with ∆Sztot = ±2
We continue by considering the two-particle structure
factors S±±∓∓(q, ω). These are associated with oper-
ators flipping two spins on neighboring sites for which
the simplest low-energy excitation in the effective field
theory is a single bound state created on top of, or an-
nihilated from, the condensate of bound magnon pairs.
We represent the two-spin-flip operators therefore as
S−x S
−
x+1 ∼ (−1)xb†(x), (45)
S+x S
+
x+1 ∼ (−1)xb(x). (46)
The representation for the structure factors becomes
S++−−(q, ω) ∼
∫
dxdtei(ωt−qx)(−1)x〈b(x, t)b†(0, 0)〉,
(47)
S−−++(q, ω) ∼
∫
dxdtei(ωt−qx)(−1)x〈b†(x, t)b(0, 0)〉.
(48)
In this language, these two-spin DSFs are equivalent
to the particle and hole spectral function of hard-core
bosons. The analogues of these functions in the inte-
grable XXZ model would be the transverse structure fac-
tors S±∓(q, ω). Even in the simplest case where the map-
ping to free fermions is exact, such as for the XX chain,
these are not easy to calculate because of the non-trivial
appearance of the Jordan-Wigner string. The function
S−+(q, ω) has been computed numerically for XXZ by
Bethe ansatz based techniques [47]. Field theory meth-
ods similar to those in the previous subsection can give
considerable insight into these functions as demonstrated
in Refs. [29, 48].
In contrast with the DSFs for ∆Sz = ±1, the lower
threshold of the support now extends down to zero fre-
quency at q = pi+2piρ0n, n ∈ Z. At these values of q and
for ω → 0, bosonization predicts S±±∓∓(pi+2piρ0n, ω) ∼
ω2(n
2K−1)+1/(2K). Thus, divergent behavior is expected
at q = pi. Away from the gapless points, the nonlinear
threshold is determined by hole-type excitations as dis-
cussed in Sec. III B 2. The phenomenological parameters
of the effective mobile impurity model can vary contin-
uously along this threshold and depend on the interac-
tion between the hole-type excitation and the low-energy
modes of the TL liquid.
V. NUMERICAL RESULTS
In this section, we show the numerical results of DSFs
for the frustrated ferromagnetic spin chain described by
the Hamiltonian in Eq. (1). In order to obtain the
time-dependent correlations, we have used the adaptive
tDMRG method developed by Feiguin and White [26].
This method is most efficient to investigate chains with
nearest neighbor interactions. For systems with short-
range interactions, such as narrow ladders and the J1-J2
Heisenberg chain, it is convenient to use the supersite
version of the adaptive tDMRG. The central idea of this
version is to combine single sites into a supersite such that
the Suzuki-Trotter decomposition of the time evolution
operator can be applied exactly in the non-renormalized
DMRG sites.
To investigate the DSFs, we have considered open
chains with system size L = 400. All the numerical re-
sults were obtained by setting J1 = −1 and J2 = 1. We
take magnetizations m = 0.2 and m = 0.4 to represent
the SDW and and quadrupolar nematic regimes, respec-
tively. Equivalently, these magnetizations correspond to
9magnetic fields h = 0.95 (m = 0.2) and h = 1.238
(m = 0.4). We determine the single-magnon gap using
DMRG by computing the energy differences
∆E±(m,L) = Egs(M = mL±1)−Egs(M = mL), (49)
where Egs(M) is the lowest energy in the sector with
Sztot = M of the chain with length L. The magnon gap
is given by
∆˜(m) = lim
L→∞
∆E+(m,L) = lim
L→∞
∆E−(m,L). (50)
We obtain the values ∆˜ ≈ 0.13 for m = 0.4 and ∆˜ ≈ 0.14
for m = 0.2.
In order to compute the two- and four-point time-
dependent correlations, we kept up to 400 states to rep-
resent the restricted Hilbert space of each DMRG block.
Typically, the error associated with the truncation pro-
cedure is smaller than 10−7. The time evolution was car-
ried out with second order Suzuki-Trotter decomposition
of the time evolution operator with time step δt = 0.05.
As is well known, the Trotter error depends on the order
n of the Suzuki-Trotter decomposition. For the order
n, the Trotter error is of order (δt)n+1. It is worth to
mention that we have checked our code by reproducing
results for the integrable XXZ chain [31, 40] and for the
J1-J2 Heisenberg chain at zero magnetization [12].
As shown in Eqs. (2) and (4), the DSFs can be ac-
quired by performing the Fourier transform of the time-
dependent correlations computed in the space and time
domains. Since we only have numerical results for fi-
nite time, the temporal Fourier transforms were per-
formed in the time interval −tmax < t < tmax, where
tmax is the maximum time obtained by tDMRG. In our
computations we have considered tmax in the interval
tmax ∈ [35, 60]. In the following, we present our numer-
ical results and interpret them in terms of the effective
theory of gapped magnons and gapless bound magnon
pairs.
A. One-spin structure factors
The tDMRG result for the structure factor S+−(q, ω)
in the nematic phase is presented in Fig. 5. Note that the
intensity is concentrated on curves that (at least qualita-
tively) follow the shape of the magnon dispersion. The
lower edge of the support are the thresholds for which the
effective theory in terms of a single gapped magnon inter-
acting with the bound-state condensate was formulated.
The magnetizationm = 0.4 corresponds to a bound-state
density of ρ0 = 0.05 according to Eq. (15).
Above the saturation field, the magnon dispersion has
a minimum at k0 = cos−1(1/4) ≈ 0.42pi. According to
the discussion in Sec. IVA, we expect to find minima
of the thresholds at q = k0 ± piρ0 ≈ (0.42 ± 0.05)pi for
0 < q < pi (the domain pi < q < 2pi can be obtained
by reflection over q = pi). In Fig (5), we see that this
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
q/pi
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
ω
0
5
10
15
20
25
S
+
− (
q,
ω
)
m = 0.4
0.2 0.4 0.6q/pi
0
0.4
0.8
ω
Figure 5: The dynamical structure factor S+−(q, ω) in the
nematic phase with J2 = −J1 = 1 and m = 0.4 computed by
tDMRG. The lower threshold is associated with the creation
of a single magnon in the effective theory. The two copies at
low energies are associated with momentum shifts ±piρ0 due
to the hard-core repulsion between the magnon and the pairs
in the condensate. The inset shows a zoom-in on the minima
located in the interval 0.2pi ≤ q ≤ 0.6pi.
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Figure 6: The dynamical structure factor S−+(q, ω). The
lower threshold is associated with the creation of a magnon
and the annihilation of a bound magnon pair. In this case
only one threshold is visible.
is indeed close to where the threshold minima are found.
We note that there is a clear asymmetry between the
two minima, which we interpret as due to the momen-
tum dependence of the magnon-pair interaction which
accounts for a nonzero γ2 coupling in the effective model
of Eq. (36). Strictly speaking, the threshold exponents
only make sense in the thermodynamic limit and with
infinite energy resolution. However, we expect that the
thresholds characterized by more negative exponents and
thus stronger divergences appear with greater intensity
in the tDMRG results, as indeed verified in simpler mod-
els [45]. In fact, for γ2 > 0, the result in Eq. (40) predicts
µ+−+ < µ
+−
− , thus a brighter threshold at q = k0 + piρ0
than at q = k0 − piρ0.
10
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
q/pi
0
0.5
1
1.5
2
2.5
3
3.5
4
ω
0
5
10
15
20
S
+
−
(q
,ω
)
m = 0.2
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
q/pi
0
0.25
0.5
0.75
1
1.25
1.5
1.75
2
ω
0
4
8
12
16
S
−+
(q
,ω
)
m = 0.2
Figure 7: One-spin-flip dynamical structure factors in the
SDW phase with m = 0.2. Compared to the spin nematic
phase, we see a larger splitting ±piρ0 in S+−(q, ω) (top). In
S−+(q, ω) (bottom), the lower threshold associated with hole-
type excitations of the bound-state condensate is now visible.
Let us turn attention to the DSF S−+(q, ω), associated
with the creation of a magnon in conjunction with the an-
nihilation of a bound magnon pair. The tDMRG result is
shown in Fig. 6. In contrast with S+−(q, ω), one imme-
diate observation is that there is no clear sign of the two
replicas of the threshold. This is exactly what should be
expected in light of the expression for the exponent µ−+±
in Eq. (44): At one threshold we find divergent behav-
ior visible as a high intensity peak in the tDMRG data,
while the other threshold has a positive exponent corre-
sponding to a vanishing intensity at the threshold, which
means the threshold becomes invisible in the tDMRG
data. To see whether we indeed find consistent results
with the foregoing discussion, let us check the expected
position and qualitative behavior of the threshold. First
of all, note that the momenta of the minima are now
at pi + k0 ± piρ0, in agreement with the effective theory.
Let us discuss the minima in the domain pi < q < 2pi
(the domain 0 < q < pi can be obtained by reflection
in q = pi). A comparison of the exponents µ−+± and
µ+−± shows that the parameter γ2 gives a stronger diver-
gence at the momentum associated with the same shift
for S−+(q, ω) as for S+−(q, ω). This means that, for
γ2 > 0, the visible threshold in the tDMRG data is ex-
pected at q = pi+ k0 + piρ0 ≈ 1.47pi. Inspection of Fig. 6
!
 ˜
<latexit sha1_base64="qVcDBXpnAJC7F6Y7UCj3GyqzF2w=">AAAB9HicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegHjxGMA/ILmF2tjcZMvtwpjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTxq6yRTHFo8kYnq+kyDFDG0UKCEbqqARb6Ejj+6nfmdMSgtkvgRJyl4 ERvEIhScoZE8F4UMgLp3IJH1qzW7bs9BV4lTkBop0OxXv9wg4VkEMXLJtO45dopezhQKLmFacTMNKeMjNoCeoTGLQHv5/OgpPTNKQMNEmYqRztXfEzmLtJ5EvumMGA71sjcT//N6GYbXXi7iNEOI+WJRmE mKCZ0lQAOhgKOcGMK4EuZWyodMMY4mp4oJwVl+eZW0L+qOXXceLmuNmyKOMjkhp+ScOOSKNMg9aZIW4eSJPJNX8maNrRfr3fpYtJasYuaY/IH1+QNakJHQ</latexit><latexit sha1_base64="qVcDBXpnAJC7F6Y7UCj3GyqzF2w=">AAAB9HicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegHjxGMA/ILmF2tjcZMvtwpjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTxq6yRTHFo8kYnq+kyDFDG0UKCEbqqARb6Ejj+6nfmdMSgtkvgRJyl4 ERvEIhScoZE8F4UMgLp3IJH1qzW7bs9BV4lTkBop0OxXv9wg4VkEMXLJtO45dopezhQKLmFacTMNKeMjNoCeoTGLQHv5/OgpPTNKQMNEmYqRztXfEzmLtJ5EvumMGA71sjcT//N6GYbXXi7iNEOI+WJRmE mKCZ0lQAOhgKOcGMK4EuZWyodMMY4mp4oJwVl+eZW0L+qOXXceLmuNmyKOMjkhp+ScOOSKNMg9aZIW4eSJPJNX8maNrRfr3fpYtJasYuaY/IH1+QNakJHQ</latexit><latexit sha1_base64="qVcDBXpnAJC7F6Y7UCj3GyqzF2w=">AAAB9HicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegHjxGMA/ILmF2tjcZMvtwpjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTxq6yRTHFo8kYnq+kyDFDG0UKCEbqqARb6Ejj+6nfmdMSgtkvgRJyl4 ERvEIhScoZE8F4UMgLp3IJH1qzW7bs9BV4lTkBop0OxXv9wg4VkEMXLJtO45dopezhQKLmFacTMNKeMjNoCeoTGLQHv5/OgpPTNKQMNEmYqRztXfEzmLtJ5EvumMGA71sjcT//N6GYbXXi7iNEOI+WJRmE mKCZ0lQAOhgKOcGMK4EuZWyodMMY4mp4oJwVl+eZW0L+qOXXceLmuNmyKOMjkhp+ScOOSKNMg9aZIW4eSJPJNX8maNrRfr3fpYtJasYuaY/IH1+QNakJHQ</latexit><latexit sha1_base64="qVcDBXpnAJC7F6Y7UCj3GyqzF2w=">AAAB9HicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegHjxGMA/ILmF2tjcZMvtwpjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTxq6yRTHFo8kYnq+kyDFDG0UKCEbqqARb6Ejj+6nfmdMSgtkvgRJyl4 ERvEIhScoZE8F4UMgLp3IJH1qzW7bs9BV4lTkBop0OxXv9wg4VkEMXLJtO45dopezhQKLmFacTMNKeMjNoCeoTGLQHv5/OgpPTNKQMNEmYqRztXfEzmLtJ5EvumMGA71sjcT//N6GYbXXi7iNEOI+WJRmE mKCZ0lQAOhgKOcGMK4EuZWyodMMY4mp4oJwVl+eZW0L+qOXXceLmuNmyKOMjkhp+ScOOSKNMg9aZIW4eSJPJNX8maNrRfr3fpYtJasYuaY/IH1+QNakJHQ</latexit>
q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ 2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</lat exit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ 2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</lat exit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ 2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</lat exit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ 2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</lat exit>
⇡ + k0
<latexit sha1_base64="MH3TrI2UP7kRZiUsI6/pFj5hQIw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEEpWBD0Wv XisYD+gXUo2zbZhs9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vdLa+sbmVnm7srO7t39QPTxqmzTTlLVoKlLdDYlhgkvWstwK1lWakSQUrBPGdzO/88S04al8tBPFgoSMJI84JdZJnb7iF/EAD6o1XMdzoFXiF6QGBZqD6ld/m NIsYdJSQYzp+VjZICfacirYtNLPDFOExmTEeo5KkjAT5PNzp+jMKUMUpdqVtGiu/p7ISWLMJAldZ0Ls2Cx7M/E/r5fZ6CbIuVSZZZIuFkWZQDZFs9/RkGtGrZg4Qqjm7lZEx0QTal1CFReCv/zyKmlf1n1c9x+uao3bIo4ynMApnIMP19CAe2hCC yjE8Ayv8OYp78V79z4WrSWvmDmGP/A+fwCmJY8a</latexit><latexit sha1_base64="MH3TrI2UP7kRZiUsI6/pFj5hQIw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEEpWBD0Wv XisYD+gXUo2zbZhs9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vdLa+sbmVnm7srO7t39QPTxqmzTTlLVoKlLdDYlhgkvWstwK1lWakSQUrBPGdzO/88S04al8tBPFgoSMJI84JdZJnb7iF/EAD6o1XMdzoFXiF6QGBZqD6ld/m NIsYdJSQYzp+VjZICfacirYtNLPDFOExmTEeo5KkjAT5PNzp+jMKUMUpdqVtGiu/p7ISWLMJAldZ0Ls2Cx7M/E/r5fZ6CbIuVSZZZIuFkWZQDZFs9/RkGtGrZg4Qqjm7lZEx0QTal1CFReCv/zyKmlf1n1c9x+uao3bIo4ynMApnIMP19CAe2hCC yjE8Ayv8OYp78V79z4WrSWvmDmGP/A+fwCmJY8a</latexit><latexit sha1_base64="MH3TrI2UP7kRZiUsI6/pFj5hQIw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEEpWBD0Wv XisYD+gXUo2zbZhs9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vdLa+sbmVnm7srO7t39QPTxqmzTTlLVoKlLdDYlhgkvWstwK1lWakSQUrBPGdzO/88S04al8tBPFgoSMJI84JdZJnb7iF/EAD6o1XMdzoFXiF6QGBZqD6ld/m NIsYdJSQYzp+VjZICfacirYtNLPDFOExmTEeo5KkjAT5PNzp+jMKUMUpdqVtGiu/p7ISWLMJAldZ0Ls2Cx7M/E/r5fZ6CbIuVSZZZIuFkWZQDZFs9/RkGtGrZg4Qqjm7lZEx0QTal1CFReCv/zyKmlf1n1c9x+uao3bIo4ynMApnIMP19CAe2hCC yjE8Ayv8OYp78V79z4WrSWvmDmGP/A+fwCmJY8a</latexit><latexit sha1_base64="MH3TrI2UP7kRZiUsI6/pFj5hQIw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEEpWBD0Wv XisYD+gXUo2zbZhs9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vdLa+sbmVnm7srO7t39QPTxqmzTTlLVoKlLdDYlhgkvWstwK1lWakSQUrBPGdzO/88S04al8tBPFgoSMJI84JdZJnb7iF/EAD6o1XMdzoFXiF6QGBZqD6ld/m NIsYdJSQYzp+VjZICfacirYtNLPDFOExmTEeo5KkjAT5PNzp+jMKUMUpdqVtGiu/p7ISWLMJAldZ0Ls2Cx7M/E/r5fZ6CbIuVSZZZIuFkWZQDZFs9/RkGtGrZg4Qqjm7lZEx0QTal1CFReCv/zyKmlf1n1c9x+uao3bIo4ynMApnIMP19CAe2hCC yjE8Ayv8OYp78V79z4WrSWvmDmGP/A+fwCmJY8a</latexit>
Figure 8: Schematic representation of the two-particle con-
tinuum E(k, q) = ε(k) + Eb(q − k). Near q = pi + k0 + 2piρ0n,
with n ∈ Z, the lower threshold coincides with the renormal-
ized magnon dispersion. As we deviate from these points and
the magnon velocity increases beyond the sound velocity v
of the condensate, the lower threshold becomes defined by a
magnon and a hole-type excitation with the same velocity,
such the energy of the two-body state is minimized.
shows that this is indeed the case (the invisible thresh-
old would be around q ≈ 1.37pi). Furthermore, one can
inspect what happens with the intensity at the threshold
away from the minimum. The intensity shows a stronger
increase as one goes to q & pi + k0 + piρ0 in Fig. 6. In
Fig. 5, we see that this also happens for q & k0 + piρ0
in the case of S+−(q, ω). This asymmetry can be at-
tributed to the dependence of the effective pair-magnon
interaction on the magnon momentum k 6= k0.
For comparison, we have also computed the one-spin
structure factors in the SDW phase with magnetization
m = 0.2 (Fig. 7). In this case, the density of bound
states is ρ0 = 0.15, leading to an appreciably larger split
2piρ0 of the band minima observed in the DSFs. This
higher bound-state density in the SDW is also expected
to lead to much stronger deviations from the low-density
limit. Nevertheless, many features of the DSFs remain
qualitatively the same. We recall that there is no true
phase transition between the spin nematic and the SDW
“phases”, which are different regimes of the same TL
phase. The biggest difference from the nematic phase
is visible in the S−+(q, ω) structure factor. In this case
one still sees the minimum at q = pi+k0 +piρ0 associated
with a gapped magnon and a zero-energy bound state.
But emanating from this point, one sees arcs defining
the lower threshold of the magnon-pair continuum. This
lower threshold is distinguished from the magnon disper-
sion in the momentum range where the magnon velocity
[defined from the renormalized dispersion as ∂kε˜(k)] be-
comes larger than the sound velocity v. Figure 8 illus-
trates the two-particle continuum constructed from the
dispersion relations ε(k) and Eb(p). If we include the mo-
mentum shift ±piρ0, the edge of this continuum can be
identified with the lower threshold of S−+(q, ω) seen in
Fig. 7.
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Figure 9: Two-spin dynamical structure factors S++−−(q, ω)
in the spin nematic phase (top) and SDW phase (bottom).
The low-energy spectrum is associated with a particle-type
excitation of the condensate.
B. Two-spin structure factors
The two-spin DSFs S±±∓∓(q, ω) computed by tDMRG
are shown in Figs. 9 and 10. In terms of the effective
field theory, we can view S++−−(q, ω) as the particle
spectral function of the b particles, while S−−++(q, ω) is
analogous to the hole spectral function [cf. Eqs (45) and
(46)].
The spectral function for hard-core bosons is more
complicated than for dual fermions due to the Jordan-
Wigner string. Yet, focusing on the function
S++−−(q, ω) in Fig. 9, we see lines of intensity start-
ing from momentum q = pi and energy ω = 0 as a clear
signal of the gapless dispersion of the particle-type exci-
tation of the condensate, cf. Fig. 3. Replicas are found
at q = pi ± 2piρ0, associated with a particle-type excita-
tion of momentum pi dressed by an additional Umklapp-
like particle-hole excitation with momentum ±2piρ0. The
highest intensity is observed at q = pi and ω → 0, where
the TL theory predicts a divergent power-law singularity.
Turning to S−−++(q, ω), we have observed that in the
nematic phase the spectral weight of this DSF is rather
small and highly concentrated near q = pi and ω = 0.
This is somewhat expected because S−−++(q, ω) is domi-
nated by the creation of a hole in the condensate of bound
magnon pairs, which can be pictured as a shallow Fermi
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Figure 10: Two-spin dynamical structure factor S−−++(q, ω)
in the SDW phase. The low-energy spectrum is associated
with the hole-like excitation of the condensate.
sea with a small energy scale (∼ ρ20/M) at the low den-
sity ρ0 = 0.05. The concentration at momentum close
to q = pi and low frequencies implies that our numerical
tDMRG result in this case suffers from strong finite-size
and finite-time effects. On the other hand, in the SDW
phase with m = 0.2 we observe a clear continuum in the
(q, ω) plane, as shown in Fig. 10. This result is remi-
niscent of transverse structure factor S−+(q, ω) for the
XXZ spin chain computed in Ref. 47. In contrast with
the XXZ chain, where the elementary excitations are sin-
gle particles and holes in the ground state configuration
of the Bethe ansatz solution, here the gapless excitations
that define the low-energy continuum in S−−++(q, ω) are
bound magnon pairs. Despite the different ∆Sz quantum
number of the “elementary” excitations, these two DSFs
are qualitatively similar as both of them can be inter-
preted as hole spectral functions of hard-core bosons.
VI. CONCLUSION
We have investigated dynamical structure factors
of the one-dimensional spin nematic phase using the
adaptive time-dependent density matrix renormalization
group. The main features of the excitation spectrum can
be understood in terms of gapped single-magnon exci-
tations and a gapless quasi-condensate of two-magnon
bound states, in which elementary particle-type and hole-
type excitations carry spin quantum numbers ∆Sz = ±2
and have nonlinear dispersion.
The nonzero magnon gap can be discerned in both dy-
namical structure factors that involve a single spin flip,
namely S+−(q, ω) and S−+(q, ω). However, the simplest
excitations (in the sense of minimum number of elemen-
tary particles) are different for these two structure fac-
tors. While S+−(q, ω) is dominated by single-magnon
excitations, S−+(q, ω) involves the creation of a magnon
and a hole-type excitation. Remarkably, S+−(q, ω) shows
a doubling of the low-energy threshold due to momentum
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shifts ±piρ0, where ρ0 is the density of bound magnon
pairs in the condensate. This effect is captured by an ef-
fective field theory that goes beyond the TL liquid theory
by describing the interaction between the single magnon
and the low-energy modes of the condensate, taking into
account the hard-core constraints. The asymmetry in
the intensity of the doubled threshold in S+−(q, ω) can
be attributed to the momentum dependence of the effec-
tive pair-magnon interaction. This shows that a simple
picture of hard-core bosons that neglects the finite-range
part of the interaction potentials is not sufficient to de-
scribe the dynamical properties of the spin nematic phase
even at rather low values of ρ0. We have also studied
the same structure factors in the SDW regime (at lower
magnetization) and found qualitatively similar behavior
in the finite-energy spectrum. One notable feature is
that the lower-threshold of the multiparticle continuum,
which depends on the dispersion of hole-type excitations
of the condensate, becomes clearly visible in S−+(q, ω)
in the SDW regime.
The dynamical structure factors that involve two spin
flips, S++−−(q, ω) and S−−++(q, ω), can be interpreted
as spectral functions of bound magnon pairs. In these
cases, the lower threshold of the multiparticle continuum
extends to zero energy, as the excitations do not necessar-
ily involved gapped magnons. Besides momentum q = pi,
gapless points can be seen at q = pi ± 2piρ0, showing a
dependence on the density of bound magnon pairs in the
condensate.
Several possible directions for future research present
themselves. Sticking to the one-dimensional case, an ob-
vious next step would be to study the structure factors
at finite temperatures. In principle this is possible by a
finite temperature generalization of the tDMRG method
[49] and of the impurity model [50]. The particular inter-
est would be to extract the NMR spin-lattice relaxation
rate connected to the experiments [24] on LiCuVO4. Fi-
nally, we envision using the one-dimensional results as a
basis for studying two- or three-dimensional structures
composed of coupled chains or ladders where the inter-
chain coupling is treated using chain mean-field theory.
For instance, one can extend on the ideas in Ref. [14]
in studying the low-energy excitations. Furthermore, the
tDMRG data can serve as input for computation of the
structure factors in higher dimensions in a random phase
approximation similar to Refs. [51, 52]. It would be in-
teresting to compare this approach with the results of
other approximations for the dynamics of the spin ne-
matic state on the square lattice [53–55].
Acknowledgments
We thank J. C. Xavier for helpful discussions and the
High Performance Computing Center (NPAD) at UFRN
for providing computational resources. We acknowledge
financial support from the Brazilian ministries MEC and
MCTIC.
[1] C. Lacroix, P. Mendels, and F. Mila, eds., “Introduction
to frustrated magnetism: Materials, experiments, the-
ory,” (Springer Berlin Heidelberg, Berlin, Heidelberg,
2011) pp. 331–362.
[2] M. Blume and Y. Y. Hsieh, J. App. Phys. 40, 1249
(1969).
[3] A. F. Andreev and I. A. Grishchuk, Sov. Phys. JETP 60,
267 (1984).
[4] A. V. Chubukov, Phys. Rev. B 44, 4693 (1991).
[5] T. Vekua, A. Honecker, H.-J. Mikeska, and F. Heidrich-
Meisner, Phys. Rev. B 76, 174420 (2007).
[6] R. O. Kuzian and S.-L. Drechsler, Phys. Rev. B 75,
024401 (2007).
[7] L. Kecke, T. Momoi, and A. Furusaki, Phys. Rev. B 76,
060407 (2007).
[8] T. Hikihara, L. Kecke, T. Momoi, and A. Furusaki, Phys.
Rev. B 78, 144404 (2008).
[9] J. Sudan, A. Lüscher, and A. M. Läuchli, Phys. Rev. B
80, 140402 (2009).
[10] M. Sato, T. Momoi, and A. Furusaki, Phys. Rev. B 79,
060406 (2009).
[11] S. Nishimoto, S.-L. Drechsler, R. Kuzian, J. Richter,
J. Malek, M. Schmitt, J. van den Brink, and H. Ros-
ner, EPL (Europhysics Letters) 98, 37007 (2012).
[12] J. Ren and J. Sirker, Phys. Rev. B 85, 140410 (2012).
[13] M. Sato, T. Hikihara, and T. Momoi, Phys. Rev. Lett.
110, 077206 (2013).
[14] O. A. Starykh and L. Balents, Phys. Rev. B 89, 104407
(2014).
[15] H. Onishi, J. Phys. Soc. Jpn. 84, 083702 (2015).
[16] S. C. Furuya, Phys. Rev. B 95, 014416 (2017).
[17] A. Parvej and M. Kumar, Phys. Rev. B 96, 054413
(2017).
[18] M. E. Zhitomirsky and H. Tsunetsugu, EPL (Europhysics
Letters) 92, 37001 (2010).
[19] A. Prokofiev, I. Vasilyeva, V. Ikorskii, V. Malakhov,
I. Asanov, and W. Assmus, J. Solid State Chem. 177,
3131 (2004).
[20] M. Enderle, C. Mukherjee, B. Fåk, R. K. Kremer, J.-M.
Broto, H. Rosner, S.-L. Drechsler, J. Richter, J. Malek,
A. Prokofiev, W. Assmus, S. Pujol, J.-L. Raggazzoni,
H. Rakoto, M. Rheinstädter, and H. M. Ronnow, EPL
(Europhysics Letters) 70, 237 (2005).
[21] M. Enderle, B. Fåk, H.-J. Mikeska, R. K. Kremer,
A. Prokofiev, and W. Assmus, Phys. Rev. Lett. 104,
237207 (2010).
[22] M. Mourigal, M. Enderle, B. Fåk, R. K. Kremer, J. M.
Law, A. Schneidewind, A. Hiess, and A. Prokofiev, Phys.
Rev. Lett. 109, 027203 (2012).
[23] N. Büttgen, K. Nawa, T. Fujita, M. Hagiwara, P. Kuhns,
A. Prokofiev, A. P. Reyes, L. E. Svistov, K. Yoshimura,
and M. Takigawa, Phys. Rev. B 90, 134401 (2014).
13
[24] A. Orlova, E. L. Green, J. M. Law, D. I. Gorbunov,
G. Chanda, S. Krämer, M. Horvatić, R. K. Kremer,
J. Wosnitza, and G. L. J. A. Rikken, Phys. Rev. Lett.
118, 247201 (2017).
[25] M. Mourigal, M. Enderle, A. Klöpperpieper, J.-S. Caux,
A. Stunault, and H. M. Rønnow, Nat. Phys. 9, 435 EP
(2013).
[26] S. R. White and A. E. Feiguin, Phys. Rev. Lett. 93,
076401 (2004).
[27] M. W. Haverkort, Phys. Rev. Lett. 105, 167404 (2010).
[28] L. J. P. Ament, M. van Veenendaal, T. P. Devereaux,
J. P. Hill, and J. van den Brink, Rev. Mod. Phys. 83,
705 (2011).
[29] A. Imambekov, T. L. Schmidt, and L. I. Glazman, Rev.
Mod. Phys. 84, 1253 (2012).
[30] R. G. Pereira, Int. J. Mod. Phys. B 26, 1244008 (2012).
[31] A. Klauser, J. Mossel, J.-S. Caux, and J. van den Brink,
Phys. Rev. Lett. 106, 157205 (2011).
[32] A. Klauser, J. Mossel, and J.-S. Caux, J. Stat. Mech.:
Theor. Exp. , P03012 (2012).
[33] F. D. M. Haldane, Phys. Rev. Lett. 47, 1840 (1981).
[34] M. A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, and
M. Rigol, Rev. Mod. Phys. 83, 1405 (2011).
[35] R. Feynman, Statistical Mechanics: A Set Of Lectures,
Advanced Books Classics (Avalon Publishing, 1998).
[36] M. Girardeau, J. Mat. Phys. 1, 516 (1960).
[37] E. H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963).
[38] E. H. Lieb, Phys. Rev. 130, 1616 (1963).
[39] M. A. Cazalilla, J. Phys. B: At. Mol. Opt. Phys. 37, S1
(2004).
[40] J.-S. Caux and P. Calabrese, Phys. Rev. A 74, 031605
(2006).
[41] M. Khodas, M. Pustilnik, A. Kamenev, and L. I. Glaz-
man, Phys. Rev. Lett. 99, 110405 (2007).
[42] A. Imambekov and L. I. Glazman, Phys. Rev. Lett. 100,
206805 (2008).
[43] M. Gaudin, La fonction d’onde de Bethe (Masson, Paris,
1983) The Bethe wavefunction, translated by J.-S. Caux,
(Cambridge University Press, 2014).
[44] M. Pustilnik, M. Khodas, A. Kamenev, and L. I. Glaz-
man, Phys. Rev. Lett. 96, 196405 (2006).
[45] R. G. Pereira, S. R. White, and I. Affleck, Phys. Rev.
Lett. 100, 027206 (2008).
[46] A. Imambekov and L. I. Glazman, Phys. Rev. Lett. 102,
126405 (2009).
[47] J.-S. Caux, R. Hagemans, and J. M. Maillet, J. Stat.
Mech.: Theory and Exp. , P09003 (2005).
[48] H. Karimi and I. Affleck, Phys. Rev. B 84, 174420 (2011).
[49] F. Verstraete, J. J. García-Ripoll, and J. I. Cirac, Phys.
Rev. Lett. 93, 207204 (2004).
[50] C. Karrasch, R. G. Pereira, and J. Sirker, New Journal
of Physics 17, 103003 (2015).
[51] P. Bouillot, C. Kollath, A. M. Läuchli, M. Zvonarev,
B. Thielemann, C. Rüegg, E. Orignac, R. Citro, M. Klan-
jšek, C. Berthier, M. Horvatić, and T. Giamarchi, Phys.
Rev. B 83, 054407 (2011).
[52] D. Blosser, N. Kestin, K. Y. Povarov, R. Bewley,
E. Coira, T. Giamarchi, and A. Zheludev, Phys. Rev.
B 96, 134406 (2017).
[53] R. Shindou, S. Yunoki, and T. Momoi, Phys. Rev. B 87,
054429 (2013).
[54] A. Smerald, H. T. Ueda, and N. Shannon, Phys. Rev. B
91, 174402 (2015).
[55] A. Smerald and N. Shannon, Phys. Rev. B 93, 184419
(2016).
Appendix A: Interaction matrix elements
Here we show the computation for the pair-magnon
interaction Vb-m(k, p, q) with q = 0. We are interested in
estimating the magnitude of the interaction potential, as
well as its dependence on the momentum of the bound
state when the magnon momentum is close to k0.
The scattering amplitude Vb-m(k, p, q) is defined in
Eq. (29). The states with one magnon and one bound
magnon pair have the form
|b, p; k〉 = 1
L
∑
j,l;r>0
eikjeip(l+r/2)Ψ(p, r)S−j S
−
l S
−
l+r| ⇑〉.
(A1)
We consider the scattering problem on the infinite lattice,
which allows an analytic calculation of Vb-m(p, k, q) in
terms of Ψ(r).
1. Setup
We introduce a basis in the N -magnon subspace with
total momentum P denoted
|P ; r1, . . . , rN−1〉 =
=
∑
l
eiP [l+(N−1)r1/N+(N−2)r2/N+...+rN−1/N ]
× S−l S−l+r1S−l+r1+r2 . . . S−l+r1+...+rN−1 | ⇑〉, (A2)
with ri > 0 for all i = 1, . . . , N − 1. We define
|P, r1, . . . , rN−1〉 = 0 when any ri < 1. For in-
stance, in this notation the bound-magnon-pair state
(N = 2) with momentum p is expressed as |b, p〉 =
1√
L
∑
r>0 Ψ(p, r)|p; r〉. It is also convenient to consider
the transformation of the state in Eq. (A2) under site
inversion, I : Sj 7→ S−j . One can verify that
I : |P ; r1, . . . , rN−1〉 7→ | − P ; rN−1, . . . , r1〉. (A3)
Taking the composition with complex conjugation, K :
i 7→ −i, we obtain
KI : |P ; r1, . . . , rN−1〉 7→ |P ; rN−1, . . . , r1〉. (A4)
For an arbitrary state |ψ〉, we shall refer to the state
KI|ψ〉 as the parity conjugate (p.c.) of |ψ〉.
Let us write the Hamiltonian
H = J1H1 + J2H2, (A5)
with
Hn =
∑
j
[
1
2
(S+j S
−
j+n + S
−
j S
+
j+n) + S
z
j S
z
j+n −
1
4
]
,
(A6)
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for n = 1, 2. In the calculation of effective scattering
amplitudes, we omit the magnetic field term in Eq. (1)
because we work in a sector with fixed Sztot. The ac-
tion of the Hamiltonian is readily understood in the ba-
sis of Eq. (A2). The terms that hop magnons (stem-
ming from the transverse part of the exchange interac-
tion) lead to a phase determined by the change of the
total center-of-mass momentum as well as a shift of the
relative coordinates. Note that to hop a magnon to the
right (left) one should increase (decrease) its relative co-
ordinate with respect to the previous magnon but one
should also shift the subsequent coordinate in the op-
posite direction. The interaction terms stemming from
the longitudinal part Szj Szj+n simply count the number
of magnons separated by n sites. For the J1 terms, the
hopping is straight forwardly implemented by ri → ri+1
and ri+1 → ri+1 − 1 and the interaction is simply count-
ing the number of ri = 1. For the J2 terms, the basic
processes are similar but with steps of two. However,
there are now two complications to take note of: first,
in considering the hopping term we have the possibility
that magnons hop over each other. This leads to a hop-
ping process when ri = 1 and ri−1 > 1 that switches the
relative coordinates ri and ri−1. The net effect is to shift
ri−1 → ri−1 + 1, ri+1 → ri+1− 1 for hopping to the right
over the magnon at l+
∑
l≤i rl, and the opposite for hop-
ping to the left. Secondly, for the interaction term one
also needs to account separately for the case when three
magnons are all adjacent, i.e. ri = ri+1 = 1, since then
the two outer magnons are two lattice spacings apart and
hence interact via J2.
The computation of the matrix element allows a sig-
nificant simplification: The result will be of the form
V = J1V1 + J2V2. (A7)
Here we can compute the parts V1,2 as if J2,1 = 0 while
J1,2 = 1 as long as we keep the bound-state wave function
as a formal function in all the equations.
2. The V1 term
Since the total momentum P = p+ k is a good quan-
tum number, hereafter we omit the dependence on P
and adopt the shorthand notation |P ; r1, . . . , rN−1〉 ≡
|r1, . . . , rN−1〉. We also omit the momentum dependence
of the bound state wave function and write Ψ(p, r) ≡
Ψ(r). We write the scattering state of a magnon and a
bound magnon pair as
|b, p; k〉 = 1
L
(|ψ1〉+ |ψ2〉+ |ψ3〉), (A8)
where
|ψi〉 =
∑
r1,r2>0
|ψi(r1, r2)〉, (A9)
with
|ψi(r1, r2)〉 = ψi(r1, r2)|r1, r2〉. (A10)
The index i = 1, 2, 3 corresponds to configurations with
the free magnon on the right, left, and in the middle
respectively, given by the wave functions
ψ1(r1, r2) = e
i(2k−p)(r1+2r2)/6Ψ(r1), (A11)
ψ2(r1, r2) = e
i(p−2k)(2r1+r2)/6Ψ(r2), (A12)
ψ3(r1, r2) = e
i(2k−p)(r1−r2)/6Ψ(r1 + r2). (A13)
We compute the action of H˜1 = H1 − ε(1)(k) − E(1)b (p)
where ε(1)(k) = cos(k) − 1 is the term in the magnon
dispersion with coefficient J1 [i.e., the function ε(k) that
we would obtain if we set J1 = 1 and J2 = h = 0] and
E(1)b (p) = −1 + cos(p/2)
Ψ(2)
Ψ(1)
(A14)
is the analogous term coming from the bound state dis-
persion. The other pieces of the dispersion relations that
will be included in the V2 term are ε(2)(k) = cos(2k)− 1
and E(2)b (p) = cos(p)[1+Ψ(3)/Ψ(1)]−2. The latter is such
that J1E(1)b (p) and J2E(2)b (p) add up to Eb(p) (with h = 0)
provided that Ψ(r) is the wave function that makes |b, p〉
an eigenstate of H in the N = 2 sector. This follows from
〈p; 1|H|b, p〉 = Eb(p)Ψ(1). In the following, we will treat
Ψ(r) as an input, but note that it depends nontrivially
on J1 and J2. For r > 1, we have
E(1)b (p)Ψ(r) = −2 + cos
(p
2
)
[Ψ(r + 1) + Ψ(r − 1)] .
(A15)
The result after subtraction of the dispersion related
terms is readily understood if we keep the picture of the
free magnon and the bound state as two distinct parti-
cles in mind: the terms that survive are either due to
the interaction (longitudinal part of the Heisenberg ex-
change) between the free magnon and one of the magnons
in the bound state or correspond to hops obstructed by
the presence of the other particle (the latter appearing
with a minus sign). This gives us
H˜1|ψ1〉 =
∑
r>0
[
1− e
ip/2
2
Ψ(r + 1)
Ψ(r)
− e
−ik
2
]
|ψ1(r, 1)〉,
(A16)
H˜1|ψ3〉 =
∑
r>0
[
1− e
−ip/2
2
Ψ(r)
Ψ(r + 1)
− e
ik
2
]
|ψ3(r, 1)〉
+ p.c., (A17)
where p.c. denotes the parity conjugate. The terms from
|ψ2〉 are given by H˜1|ψ2〉 = KI
(
H˜1|ψ1〉
)
. From these
expressions the computation of V1 is tedious but straight-
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forward. We obtain
V1 =8 sin
(
k
2
)
sin
(
k
2
) ∞∑
r=2
Ψ(r)Ψ(r)
+ 8 sin
(
k
2
)
sin
(
p− k
2
)
×
×
∞∑
r=1
cos
[(p
2
− k
)
r
]
Ψ(1)Ψ(r)
+ 8 sin
(
k
2
)
sin
(
p− k
2
) ∞∑
r=1
Ψ (r) Ψ (r + 1) .
(A18)
3. The V2 term
Following the same lines as for V1, we compute the
action of H˜2 on the |b, p; k〉 state of a bound magnon
pair and a free magnon. As in the V1 case, a physi-
cal picture allows to write down the result immediately.
The states |ψ1,2,3〉 correspond to the cases where the free
magnon is on the right, on the left, or in the middle of
the bound magnon pair. Thus, interpreting these states
as a configuration of two particles in this way and acting
with the Hamiltonian, we find that the presence of the
other particle can obstruct some possible moves or add
additional interactions in comparison with a situation in
which the other particle would not be present. For in-
stance, if the free magnon particle is two sites away from
one of the magnons in the bound magnon pair, as is the
case in e.g. |ψ1(r, 2)〉, the magnon cannot hop to the left
and the right most magnon in the bound state cannot
hop to the right. Furthermore, there is now an inter-
action between the two particles. This leads to a term
[1 − 12e−i2k − 12eipΨ(4)/Ψ(2)]|ψ1(r, 2)〉 in H˜2|ψ1〉. The
first term on the righthand side stems from the interac-
tion between the free magnon and one magnon in the
bound magnon pair. The momentum dependent phases
in the second and third terms can be identified from the
obstructed hopping processes: e−i2k corresponds to the
hopping of the magnon two sites to the left, while eip cor-
responds to the bound-state center of mass hopping one
site to the right if one of its constituent magnons hops
two sites to the right. The ratio Ψ(4)/Ψ(2) corresponds
to changing the separation between the magnons in the
bound magnon pair from two to four sites. In this way, all
terms in H˜2|ψi〉 are straightforward to write down. We
then compute the appropriate inner products to obtain
the result
V2 = [8 sin(k)
2 + 4 sin(k) sin(p− k)]Ψ(1)Ψ(1)
− cos(5p/2− 3k)Ψ(1)Ψ(2) + cos(p)Ψ(1)Ψ(3)
+ cos(p/2− 3k)Ψ(2)Ψ(3)
+ 8 sin(k) sin(k)
∞∑
r=3
Ψ(r)Ψ(r)
+ 8 sin(k) sin(p− k)
∞∑
r=1
Ψ(r)Ψ(r + 2)
+ 8 sin(k) sin(p− k)
∞∑
r=1
cos
[(p
2
− k
)
r
]
Ψ(2)Ψ(r).
(A19)
Note that this reduces to the result for V1 in Eq. (A18) if
we put (r, k, p)→ (2r, k/2, p/2) and declare Ψ(r) = 0 for
odd r. This corresponds to the decoupling of the J1-J2
spin chain upon putting J1 = 0 in terms of two inde-
pendent Heisenberg chains with doubled lattice spacing
living on the even and odd sublattices.
4. The Vb-m result
For the final result, we evaluate
Vb-m(p, k, 0) = J1V1(p, k) + J2V2(p, k). (A20)
The bound-state wave function Ψ(r) can be obtained nu-
merically by solving the Hamiltonian in the N = 2 sub-
space of momentum p. We set k = k0 to compute the
interaction with the free magnon at the minimum of the
magnon dispersion. The result is shown in Fig. 4. We
note that, as mentioned in the main text, the precise
value is rather sensitive to the details of the wave func-
tion Ψ(r). Thus, we expect the interaction in the effective
model of Eq. (28) to be strongly renormalized for a finite
density of bound magnon pairs.
Appendix B: Exponents from the mobile impurity
model
We outline the calculation of the exponents from the
mobile impurity model for the reader’s convenience. We
refer to Ref. 29 and references therein for further details.
The starting point is the mobile impurity model
Eq. (36) and an expression of a space and time dependent
correlator such as
C(x, t) = 〈ei
√
piφ(x,t)aF (x, t)a
†
F (0, 0)e
−i√piφ(0,0)〉. (B1)
There are two important steps in evaluating this expres-
sion: decoupling the impurity mode (magnon) from the
low-energy modes and rescaling the bosonic fields (equiv-
alent to a Bogoliubov transformation diagonalizing the
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TL liquid Hamiltonian). We start by decoupling the im-
purity by the unitary transformation
U = exp
[
i
√
pi
∫
dx(κ1θ + κ2φ)a
†
FaF
]
. (B2)
For any field f , we define the transformed field f¯ =
U†fU . This gives the following relations
∂xφ = ∂xφ¯−
√
piκ1a
†
FaF ,
∂xθ = ∂xθ¯ −
√
piκ2a
†
FaF , (B3)
aF = a¯F e
−i√pi(κ1θ+κ2φ).
Choosing
κ1 =
γ1K
pi
, κ2 =
γ2
piK
, (B4)
we see that the interaction term cancels. Additional
terms which are generated are less relevant (the impu-
rity model only contains marginal terms and the magnon
mass term) or correspond to magnon-magnon interac-
tions neglected because we only consider configurations
with a single magnon. On the level of the correlator, we
see that the unitary decoupling means we have to attach
a vertex operator of the bosonic modes to each magnon
operator. The expression for the correlator (B1) factor-
izes in terms of the propagator G(x, t) of a free particle,
see Eq. (38), multiplying a correlator expressed only in
terms of the bosonic fields. This correlator can be eval-
uated in the standard way within TL liquid theory. For
the example in Eq. (B1), we find
C(x, t) = G(x, t)[i(vt− x) + 0+]−µR [i(vt+ x) + 0+]−µL ,
(B5)
where
µR,L =
(√
K
2
− γ2
2pi
√
K
± γ1
√
K
2pi
)2
. (B6)
Taking the Fourier transform leads to the expression
of the threshold exponent in the frequency domain,
S(q, ω) ∼ (ω − vq)µ, with
µ = µR + µL − 1. (B7)
This example gives the expression for µ+−+ , see Eq. (40).
In a similar calculation for µ+−− , we find the result with
γ2 → −γ2 responsible for the asymmetry between the
minima at q = k0 ± piρ0 in S+−(q, ω). The calcula-
tion of the exponents µ−+± associated with the threshold
S−+(q, ω) is similar but in this case one must use the
representation of the spin operator in Eq. (41).
